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How to differentiate
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The Chain Rule

The Chain Rule.

If g is differentiable at x and [ is differentiable at y = g(x) then the composite
function f o g is differentiable at x and | (f o g)'(z) = f'(g9(z)) - ¢'(x)

( f le@)] ) = f [s(x)] - (=)
T T T T T
outside inside derivative inside derivative
of the outside left along of the inside

The verbal form of the chain rule (f[g(z)])" = outside/[inside] - inside’
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Example 1 (A radical )
Differentiate h(z) = v22 + 1.

The "outside” function is f(y) = /¥

the "inside” function is g(z) = 22 + 1.
, 1
Then f'(y) =

/
i g(r)=2x and
T

W(x) = f'lg(x)] - ¢'(x)
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Example 2 (A trigonometric function )

Differentiate h(z) = sin(x?).

= ( sin (23 ) = cos (%) - 3x?
T T T T T
outside inside derivative inside derivative
of the outside left along of the inside
Therefore, (sin(z%))" = | 322 cos(z?)
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Example 3 (A polynomial )
Differentiate h(z) = (1 + 2x)'2.

inside inside
\ 1
Ry = [ (1+22)2 | = 120422)" 2
——— ———
) T )

outside derivative derivative

of the outside of the inside

Therefore, ((1+ 2z)'2) =|24(1 + 22)"




Leibnitz Notation

The derivative of f o g can be written in Leibnitz notation.
Recall that b/(z) = 4k

dx”

Denote y = g(z), then

d L df dy
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Example 4 (Nested chain rule )
Differentiate h(z) = (V! +2+ 1)3.

To differentiate h(z) we proceed stepwise

h(z) = %(\/ 2t +2+1)3 =3Vt +2+1)2

d
a(\/x4+2+1)
=3(Vat+241)32 (%\/$4+2+O)
1 d
=3Vt +2+1)? ————  — (2 +2
3(Vat+2+1) W dx(w-l—)
=3(Vat+2+1)?° !
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Example 5 (A function with parameters)

Find the derivative of h(z) = (ax? +5)" where a > 0 and n is a positive integer.

Here the outside function f(y) = y™ and the inside function g(x) = az? + 5.
Since f'(y) = ny" ! and ¢'(z) = 2ax we get

W (z) = n(az® 4+ 5" - 2az




Example 6 (Differentiating a function that is not specified)

Suppose that f/(z) = 3z — 1. Find %f(a:z) at z = 2.

The inside function is y = 22, the outside function is f(y).
d oy _ df dy
i)

_dy.da:_

fly)-20=0By—1) 20 =(32>-1)-2
Substituting z = 2 we get (3-22 - 1)2-2 =



THE END
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